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Abstract. We study regularity properties of the free boundary for the thin 
one-phase problem which consists of minimizing the energy functional 

E(u,n)=[ \Vu\ 2 dX + H n ({u> 0} n {x n+ i =0}), ftcR n+1 , 
Jn 

among all functions u > which are fixed on dQ. 

We prove that the free boundary F(u) = du;n{u > 0} of a minimizer u has 
locally finite M™ -1 measure and is a C 2,a surface except on a small singular 
set of Hausdorff dimension n — 3. We also obtain C 2 ' a regularity of Lipschitz 
free boundaries of viscosity solutions associated to this problem. 



1. Introduction 

In this paper we study minimizers u of the energy functional E associated to the 
thin one-phase problem 

(1.1) E(u, ft) := / \\7u\ 2 dX + H n ({(x, 0) G O : u(x, 0) > 0}), 

Jn 

where ft C R" +1 =R"xl and points in R n+1 are denoted by X = (x, x n+1 ). 

We are mainly concerned with the regularity of the free boundary of minimizers 
it, that is the set 

F(u) := Or^{u(x, 0) > 0} n fi C M™. 
We also consider viscosity solutions to the thin one-phase problem (see problem 
(II. 2[) below) and investigate the regularity of Lipschitz free boundaries. 

Throughout this paper we consider only domains 51 and solutions u such that 

fi is symmetric with respect to {x n+ i = 0}, 

u > is even with respect to x n +i- 

The thin one-phase problem is closely related to the classical Bernoulli free 
boundary problem (or one-phase problem) where the second term of the energy 
E is replaced by H n+1 ({u > 0}). In our setting the set {u = 0} occurs on the 
lower dimensional subspace K™ x {0} and the free boundary is expected to be n — 1 
dimensional whereas in the classical case the free boundary is n-dimensional (lying 
in R™ +1 ). There is a wide literature on the regularity theory for the free boundary 
in the standard Bernoulli problem which has similarities to the regularity theory of 
minimal surfaces, see for example [101 lACFl E2 EU ESJ ICJKl ICSl IDJTI IDJ2] . 

The thin one-phase problem was first introduced by Caffarelli, Roquejoffre and 
Sire in |CRS) as a variational problem involving fractional H s norms. Such problems 
are relevant in classical physical models in mediums where long range (non-local) 
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interactions are present, see [CRSj for further motivation. For example, if u is a 
local minimizcr of E denned in R" +1 then its restriction to the 71-dimcnsional space 
R" x {0} minimizes locally an energy of the type 

c n \\u\\ H1/2 +H n {u>0}. 

In |CRS| the authors obtained the optimal regularity for minimizers u, the free 
boundary condition along F(u) and proved that, in dimension n = 2, Lipschitz 
free boundaries are C 1 . The question of the regularity of the free boundary in 
higher dimensions was left open. In |DR| De Silva and Roquejoffre studied viscosity 
solutions of the thin one-phase problem associated to the energy E and showed that 
flat free boundaries are C 1,a . Motivated by the present paper, the current authors 
improved this result to C 2,Q regularity. This estimate and some basic theorems for 
viscosity solutions were obtained in |DSj and they play a crucial role in the present 
paper (see Section 2). 

The thin two-phase problem, that is when u is allowed to change sign, was 
considered by Allen and Petrosyan in [APj . They showed that the positive and 
negative phases are always separated thus the problem reduces locally back to a 
one-phase problem. They also obtained a Weiss type monotonicity formula for 
minimizers and proved that, in dimension n — 2, the free boundary is C 1 in a 
neighborhood of a regular point. 

The main difficulty in the thin-one phase problem occurs near the free bound- 
ary where all derivatives of u blow up and the problem becomes degenerate. The 
method developed by Caffarelli in [C1UC2] for the C 1,a regularity of the free bound- 
ary in the standard one-phase problem does not seem to apply in this setting. The 
question of higher regularity is also delicate. 

In this paper we obtain regularity results for Lipschitz free boundaries based on 
a Weiss type monotonicity formula and on the C 2 ' a estimates for flat solutions. 
The monotonicity formula is used in a standard blow-up analysis near the free 
boundary and reduces the regularity question to the problem of classifying global 
cones i.e global solutions which are homogenous of degree 1/2. The C 2,a estimate 
for fiat solutions allows us to show that all Lipschitz cones are trivial. This general 
strategy of obtaining regularity of Lipschitz solutions applies also to the classical 
one-phase problem and to the minimal surface equation, providing different proofs 
than the ones of Caffarelli [Clj for the one-phase, and of De Giorgi |DG] for the 
minimal surface equation. 

Our first main result deals with the regularity of the free boundaries for mini- 
mizers. We show that F(u) is a C 2a surface except possibly on a small singular 
set. 

Theorem 1.1. Let u be a minimizer for E. The free boundary F(u) is locally a 
C 2,a surface, except on a singular set S„ C F(u) of Hausdorff dimension n — 3, i.e. 

"H s (£ u )=0 fors>n-3. 

Moreover, F(u) has locally finite 'H n ~ 1 measure. 

As a corollary we obtain that in dimension n = 2, free boundaries of minimizers 
are always C 2,a . 

As mentioned above we also study the regularity of Lipschitz free boundaries of 
viscosity solutions to the Euler-Lagrange equation associated to the minimization 
problem for E, that is the following thin one-phase free boundary problem, 
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\Au = 0, in fi\ {(a;,0) : u(x,0) = 0}, 
(1 21 If) 

|^ = l, oaF(«):=ofe»{ii(a; ) 0)>0}na 

Here the free boundary condition reads 

with ^(xo) the normal to F(u) at Xo pointing toward {x : u(x,0) > 0}. We prove 
the following result (see Section 2 for the definition of viscosity solution) . 

Theorem 1.2. Let u be a viscosity solution to (|1.2[) in B\. G f(w) and assume 
that F(u) is a Lipschitz graph in the e„ direction with Lipschitz constant L. Then 
F(u) H B1/2 is a C 2 ' a graph for any a < 1 and its C 2 ' a norm is bounded by a 
constant that depends only on n, L and a. 

The paper is organized as follows. In Section 2 we introduce notation and re- 
call definitions and some necessary results from |DSj about viscosity solutions to 
(|1.2j) . Section 3 is devoted to minimizers of E. We prove general theorems which 
were obtained also in |CRS] and |AP] . such as existence, optimal regularity, non- 
degeneracy, and compactness. We also show that minimizers are viscosity solutions 
to (|1.2p (with 1 replaced by the appropriate constant). In Section 4 we prove a 
Weiss type monotonicity formula for minimizers of E and also for viscosity solu- 
tions to (ll.2[) which have Lipschitz free boundaries. Section 5 deals with minimal 
cones, that is minimizers of E that are homogeneous of degree 1/2. We obtain that 
the only minimal cones in R 2+1 are the trivial ones, and from that we deduce our 
main Theorem 11.11 bv a dimension reduction argument. Finally in the last section 
we use the flatness theorem and the monotonicity formula and prove Theorem 1 1.21 

2. Viscosity Solutions 

In this section we introduce notation and recall definitions and some necessary 
results from [DRllDS] , 



2.1. Notation. Throughout the paper, constants which depend only on the di- 
mension n will be called universal. In general, small constants will be denoted by 
c and large constants by C, and they may change from line to line in the body of 
the proofs. The dependence on parameters other than n will be explicitly noted. 

A point X e R n+1 will be denoted by X = (x,x n+ i) € E n x R. A ball in M" +1 
with radius r and center X is denoted by B r (X) and for simplicity B r = B r (0). 
We use BjT(X) to denote the upper ball 

B+(X) := B r (X) n {x n+l >0}. 

Also, we write 

B r {X) = B r (X) n {x n +i = Q}. 
Let v £ C(f2), be a non-negative function on a bounded domain f2 C We 
associate to v the following sets: 

n+(«) := n \ {(ar, 0) : v(x, 0) = 0} C 
F(v) := c\ n {v{x,0) >0}n!!cr. 
Often subsets of E™ are embedded in M™ +1 , as it will be clear from the context. 
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2.2. Definition and properties of viscosity solutions. We consider the thin 
one-phase free boundary problem (u > 0) 

(Au = 0, infJ + (u), 

where 

2.2 (a; ) : = Km _L2 v ; , X = a Ol eFu . 

Here ^ (xo) denotes the unit normal to F(u), the free boundary of it, at xo pointing 
toward {u(x, 0) > 0}. 

Our notation for the free boundary condition is justified by the following fact. If 
F(u) is C 2 then any function u > which is harmonic in f2 + (w) has an asymptotic 
expansion at a point Xq = (xq, 0) € F(u), 

u(X) = a(x )U ((x - x Q ) ■ u(x ),x n+ i) + o(\X - X a \ 1/2 ), 

where Uo{t, s) is the real part of yfz. Thus in the polar coordinates 

t = rcos9, s = rsin9, r>0, —ir<6<ir, 

Uo is given by 

(2.3) [/ (i,s) = r 1 / 2 cos-. 

Then, the limit in (I2.2[) represents the coefficient a(a;o) in the expansion above 

Wo (x ) = a(x ) 

and our free boundary condition requires that a = 1 on F(u). 

The precise result proved in |DS] (Lemma 7.5) is stated below and will be often 
used in this paper. 

Lemma 2.1 (Expansion at regular points from one side). Let w G C 1 / 2 (Si) be 
1/2-Holder continuous, w > 0, with w harmonic in B^(w). If 

e F(u>), B 1/2 (l/2e n ) c Mx, 0) > 0}, 

then 

w = a U + o(|X| 1/2 ), for some a > 0. 
The same conclusion holds for some a > if 

B 1/2 (-l/2e n ) c {^ = 0}. 
We now recall the notion of viscosity solutions to (|2.1[) . introduced in jDRj . 

Definition 2.2. Given g,v continuous, we say that v touches g by below (resp. 
above) at X if g(X ) = v(X ), and 

g{X) > v(X) (resp. g(X) < v(X)) in a neighborhood O of X . 

If this inequality is strict in O \ {Xq}, we say that v touches g strictly by below 
(resp. above). 
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Definition 2.3. We say that v £ C(Q) is a (strict) comparison subsolution to 
(|2.1j) if v is a non-negative function in 17 which is even with respect to x n +i and it 
satisfies 

(i) v is C 2 and Aw > in fi+(u); 

(ii) is C 2 and if £0 £ -F^) we have 

i>(:ro + i^(xo), 0) = a(a:c])\/i + o(y/i), as < ^ + , 

with 

a(x ) > 1, 

where i/(a;o) is the unit normal at to pointing toward {v(x, 0) > 0}. 

Similarly one can define a (strict) comparison supersolution. 

Definition 2.4. We say that u is a viscosity solution to (|2.ip if u is a continuous 
non-negative function in fi which is even with respect to x n +\ and it satisfies 

(i) Au = in 

(ii) Any (strict) comparison subsolution (resp. supersolution) cannot touch u 
by below (resp. by above) at a point Xq = (xq,0) £ F(u). 

In |DSj we proved optimal regularity for viscosity solutions. Precisely, we have 
the following lemma. 

Lemma 2.5 (C^-Optimal regularity). Assumeu solves f|2. 1|) in B2 andO £ F(u). 
Then 

u(X) <Cdist{X,F{u)) 1/2 XeBi. 

Moreover, 

||w||cV2( Bl ) < C(l + u(e n+1 )). 

The main result in |DSj (see Theorem 1.1 there) is the following flatness theorem, 
which improves the previous C ' a result obtained in [DRj . 

Theorem 2.6. There exists 1 > small depending only on n, such that if u is a 
viscosity solution to (|2.1[) in B\ satisfying 

{x £ Bi : x n < -e} C {x £ Bi : u(x, 0) = 0} C {x £ Bi : x n < e}, 

then F(u) C\B\/2 is a C 2,a graph for every a £ (0, 1) with C 2 a norm bounded by a 
constant depending on a and n. 

We recall now the definition of a special family of functions Vs t a,b introduced in 
[DSj which approximate solutions quadratically. 

For any a, b £ R we define the following family of (two-dimensional) functions 
(given in polar coordinates (p, /?)) 

(2.4) v a , b (t, s) := {l + \p+ fV 2 cos |, 

that is 

v a ,b(t, s) - (1 + + h -t)U Q {t, s) = U (t, s) + o(p^ 2 ), 
with U defined in (f23]) . 
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Given a surface S — {x n — h(x')} C M™, we call Vs,X the 2D plane passing 
through X — (x, x n +i) and perpendicular to S, that is the plane containing X and 
generated by the x n +i -direction and the normal direction from (x, 0) to S. 

We define the family of functions 

(2.5) Vs, a ,b(X) := V a ,b{t,X n +l), X = (x,x n +i), 

with t = pcos/3, = ps'm/3 respectively the first and second coordinate of X 
in the plane Vs.x- In other words, t is the signed distance from x to S (positive 
above S in the a;„-direction.) 
If 

S := {x n = ^(x'fMx'}, 
for some M G g(n-i)x(n-i) we use the notation 

^M.a.&W := V S>0 , 6 (X). 
We define the following class of functions 

Vl := {V M , a , b : a + b-trM = 0, \\M\\, \a\, \b\ < A}. 
Notice that if we rescale V = Vu.a.b that is 

V X {X) = \-^ 2 v(\x), 

then it easily follows from our definition that 

V\ = V\M,\a,\b- 

It can also be checked from the definition (see also Proposition 3.3. in |DSj ) that 
if V e Vl then 

(2.6) \AV(X)\<CA 2 , mB 1/2 (e n ). 

In the course of the proof of our flatness Theorem 12.61 we also obtained that 
a solution u can be approximated in a C 2 ' a fashion near £ F(u) by functions 
V G V°. The precise statement can be formulated as follows (Theorem 5.2 in 
DSD- 
Theorem 2.7. Assume £ F(u) and F(u) is a C 1 surface in a neighborhood o/O 
with normal e„ pointing towards the positive side. Then, for any a £ (0, 1) 

V(X - Ar 2+a e n ) < u{X) < V(X + Ar 2+a e n ) in B r , for all r small, 

for some V = Vu.a.b G with A depending on u,n and a. 

As a consequence of the theorem above we obtain the following Lemma [2~!Sl which 
together with the Monotonicity formula (Theorem I4.3[) are the main ingredients 
to prove Theorem 11.21 (see Proposition 16. 4p . This is the lemma where the C 2,a 
regularity of flat free boundaries is needed. For all the other arguments in this 
paper the C 1,a regularity is sufficient. 

Lemma 2.8. Assume F(u) is C 1 in a neighborhood of Xq = (xq, 0) G F(u) and let 
v G K" x {0} denote the unit normal vector at xq pointing towards {u > 0}. Then, 
for all a G (0, 1), for all r small, and for K depending on u, a, n 

\d T u(X + rv)\ < Kri +a 
if t G K" x {0} is a tangent unit vector to F(u) at Xq, that is r • v = 0. 
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Proof. Assume for simplicity that Xq = 0, v = e n . Then, by Theorem 12.71 we may 
assume that 

V(X - Ar 2+a e n ) < u{X) < V{X + Ar 2+a e n ) 
with V — VM, a ,b € V°. The rescalings 

u r {X) = r-^ 2 u(rX), V r (X) = r^^VirX) = V rM , ra<rb [X) e V° Ar 

satisfy 

V r {X - Ar 1+Q e„) < u r {X) < V r (X + Ar 1+a e n ). 
In Bx^ie-n) we have, 

\u r - V r \ < Ar 1+a d n (V r ) < C(A)r 1+a 

and (see ([2^)) ) 

|A(i*r - V r )\ < \AV r \ < C(A)r 2 . 

Thus, 

|V*v(e„) - W r (e„)| < C(A)r 1+a . 

Since, VV r (e n ) € spa7i{e„, e„ + i} and t • VV r (e n ) = if r e K n x {0},r _L e„, we 
obtain from the previous inequality that 

\ T -Vu r {e n )\ <Kr 1+a 

that is 

|t • Vu(re n )\ < Kr 1/2+a . 

□ 



The next remark will be used in the proof of the Monotonicity Formula for 
viscosity solutions. 

Remark 2.9. Using the C 1,a estimates in |DRj . we can approximate u by Uq (instead 
of V) in a C 1,a fashion and write in the proof above that 

U {X - A'r 1+a e n ) < u{X) < U {X + A'r 1+a e n ). 

This leads to the conclusion that 

\Vu(X) - VU (X)\ < K'\X\ a -^ 2 , 

for all X in the two-dimensional plane generated by e n and e n+ \. 

We conclude this section by recalling the following compactness result (Propo- 
sition 7.8 in [DS] .) 

Proposition 2.10 (Compactness). Assume uu solve (|2. 1[) and converge uniformly 
to it* in Bi, and {uk = 0} converges in the Hausdorff distance to {m* = 0}. Then 
it* solves (|2.ip as well. 
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3. Preliminaries on Minimizers 

In this section we prove general theorems about minimizers of the energy function 
E, defined by 

(3.1) E(u,Q)= [ \S7u\ 2 dX + H n {{u > 0}n {x n+1 = 0}). 

Most of the results in this section are contained in [?] and [AP] , such as existence, 
optimal regularity, non-degeneracy, and compactness. For completeness, we sketch 
their proofs. We also show that minimizers are viscosity solutions to problem (|1.2[) 
(with 1 replaced by the appropriate constant). 

Definition 3.1. We say that u is a (local) minimizer for E in VI C R' i+1 , if 
u G if ioc (fi) and for any domain D CC fl and every function v € -ff/ oc (il) which 
coincides with u in a neighborhood of fi \ D we have 

E{u,D) < E(v,D). 

Existence of minimizers with a given boundary data on dQ follows easily from 
the lower semicontinuity of the energy E. 

We remark that this minimization problem is invariant under the scaling 

(3.2) u x (X) = \-^ 2 u(XX), 

that is u is a minimizer if and only if u\ is a minimizer. 

As already remarked in the introduction, throughout this paper we consider only 
domains f2 and minimizers u such that 

n is symmetric with respect to {.x„+i = 0}, 
u > is even with respect to x n +i. 
We recall the following notation, which will be used often in this section. We 
write, 

B r = B r n {x n+1 = 0}, 
and for any function v > we denote by 

B+(v) := {v > 0}nS r . 

Lemma 3.2. If u > is a minimizer to E in B\ then u is subharmonic in B\ and 
harmonic in . 

Proof. Indeed if ip > is in C£°(5i) then 

n n (B+(u))>n n {B+(u-e^)). 
Thus the minimality of u, 

E{u,B{) < E{u — op, Bi) 

implies 

J \Vu\ 2 dX < J |V(u- etp)\ 2 dX 

and hence 

VuVip dX < 0, 



that is u is subharmonic in B\. Similarly, taking <p £ Cq°(B^) we obtain that u is 
harmonic in Bf. □ 
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In view of Lemma 13.21 we can define u pointwise as 



u(X) = Km / u dY. 

r ^ a JB„(X) 



>B r (X) 

Optimal regularity and non-degeneracy of a minimizer will follow from the next 
result. 

Lemma 3.3. Assume that u minimizes E in B2- If u(0) > C > universal then 
Bi C {u > 0}, and u is harmonic in B\. 

Before the proof we recall the following Sobolev inequality. If cf) € H 1 (M. n+1 ) 
then 

(3.3) / \Vcj)\ 2 dX > c(n) ( / <j) 2(1+s) dx ) ,6= ' 



>x{0} 



71-1 



Proof of Lemma 13.31 Denote by 

a(r) = ft n ({u = 0}r\B r ), 1 < r < 2. 
Let u be the harmonic replacement of « in B r . By minimality, 

(3.4) f \Vu\ 2 dX < [ \\7v\ 2 dX + a{r). 



We have 



/ \Wu\ 2 dX = (\Wv\ 2 +2Wv- W(u-v) + \W(u-v)\ 2 )dX 

JB r J B r 

and hence since v is harmonic and equals u on dB r 

\Vu\ 2 dX = f (\Vv\ 2 + |V(u- v)\ 2 )dX. 



B r J B r 

Thus, by the Sobolev inequality (|3.3p and (13.41) . the inequality above gives 
(3.5) a(r)> f \V(u - v)\ 2 dX > c ( f (v - u) 2{1+s) dx ) 

JB r \JR"X{0} J 

>c( f v 2 ^dx) ^ . 

\J{u=o}nB r J 

Since v > is harmonic in B r we have 

v(X) >c»(0)r _1 dist(X,dB r ). 

Thus, in the set 

{u = 0} n # r _ 2 -fc 
since u(0) > u(0) and 1 < r < 2 we have 

v > c2- k u{0). 

Hence from (|3.5I) we get 

o(r) > c 2" 2fc w(0) 2 a(r - 2" fc )TT7. 

We denote by 

a k :=a(l + 2- fe+1 ), 
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thus 

(3.6) a k+1 < C2 4k u{0)- 2{1+S) a{ +& , 01 < C. 

By De Giorgi iteration, if u(0) > C is sufficiently large then a k — > as k — > oo. 
Thus a(l) = and in view of (|3.4p we get that u is harmonic in B\. □ 

By the scaling (|3.2I) . Lemma 13.31 gives that if u is a minimizer in B 2r (X ), 
with A G {x„ + i = 0} and u(X ) > Cr 1 / 2 then S r (X ) C {u > 0}. Thus we 
immediately obtain the following corollary. 

Corollary 3.4. Assume u is a minimizer in B 2 . Then u is continuous in B2 and 
thus harmonic in B 2 (u). Moreover, if F(u) C\Bi ^ 0, then 

(3.7) u(x,Q) < C dist(x,F{u)) 1/2 , Vieft 
with C universal. 

We now easily obtain C^-optimal regularity of minimizers. 
Corollary 3.5 (Optimal Regularity). Let u be a minimizer in B 2 . Then 

(3.8) NlcV 2(Bl) <C(l + u(e n+1 )), 
with C universal. 

Proof. Assume that F(u) n B\ 7^ otherwise the statement is trivial. We write 
u = v + w with v, w harmonic in B^ 2 an d 

v = on {x n+ i = 0}, v = u on dB^ 9 n {x n+ i > 0} 

w = u on {x n +i = 0}, to = on dB^ 2 fl {2^+1 > 0}. 

Then, 

ll' u llc 1 /2( B +) < Cu(e n+ i) < Cu(e„ + i), 

and by Corollarv l3.4l 

\M\cV'(B+) ^ \\ u \\cV*(Bs/*) < C. 

□ 

We now prove non-degeneracy of a minimizer. 
Lemma 3.6 (Non-degeneracy). Assume u is a minimizer and 

BiC{ii> 0}. 

Then, 

u(0) > c> 

wii/i c universal. 

Proof. Let G Cq 30 (-B1/2); ip = 1 in -B1/4. Since, m is harmonic in £?i 

IMU~(B 1/2 ), ||Vu|| i0 o ( B V2 ) < C«(0) 

and we obtain that 

/ \Vu\ 2 dX> [ \V{u{l-<p))\ 2 dX -Cu(0) 2 . 

Also, 

H n {B+(u)) > H n (B+{u{l -<p)> 0)) + c . 
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In conclusion, by the minimality of u 

> -Cu(0) 2 + c 

that is 

u(0) > c. 

□ 

Again by the scaling (|3.2[) . the lemma above gives that if u is a minimizer in B2 
then 

u(X ) > Cdist(X Q , {u = 0}) 1/2 , yx a € B x . 

In the next lemma, we prove that minimizers satisfy a slightly different type of 
non-degeneracy which will be used to prove density estimates for the zero phase. 

Lemma 3.7. Assume v > is defined in B\, harmonic in B^(v). Assume that 
there is a small constant rj > such that 

(3-9) \\v\\cu* {Bl ) < T\ 

and v satisfies the non- degeneracy condition on B\, 

v(X) > rj d(X) 1/2 , X e B u d(X) = dist(X, {v = 0}). 
Then if E F(v), 

maxi) > c(ri) r 1 ^ 2 , W < 1. 

Proof. The proof follows the lines of Lemma 7 in |C3] (see also CRS .) Given 
a point X e Bf (v) (to be chosen close to 0) we construct a sequence of points 
Xk G B\ such that 

v(X k+1 ) = (1 + S)v(X k ), \X k+1 - X k \ < C( V )d(X k ), 

with 5 small depending on rj. 

Then using the fact that d(X k ) <~ v 2 (X k ) and that v{X k ) grows geometrically 
we find 

k k 

\X k+1 - X \ <J2\ X i+i ~ X i\ < cJ2 d ( x i) 

k 

< cY^^iX,) < Cv 2 (X k+1 ) ~ d(X k+1 ). 

i=0 

Hence for a sequence of r^'s of size v 2 (X k ) we have that 

. 1/2 
sup v > cr k 

Br k (X ) 

from which we obtain that 

sup v > cr 1 / 2 , for all r > \Xq\. 

B r (X ) 

The conclusion follows by letting Xq go to 0. 

We now show that the sequence of X k s exists. Assume we constructed X k . 
After scaling we may suppose that 

v{X k ) = 1. 
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We call Yfe the point where the distance from X k to {v = 0} is achieved. By the 
assumptions on v (C 1 / 2 bound and non-degeneracy), 

c(v)<d(X k ) = \X k -Y k \<C(r 1 ). 

Assume by contradiction that we cannot find X k +i in Bm(Xi.) with M large to be 
specified later, with 

v(X k+1 ) >1 + S. 

Then 

v < 1 + S + w, 

with w harmonic in B~^(X k ), 

w = on {x n+ i =0}, w = v on dB M (X k ) n {x n+ i > 0}. 
We have, 

w<C(n)^- sup v < CrT x x n M- 1 l' 1 < 6 in B := B d(Xk) (X k ), 



M 



Bt(X„) 



if M is chosen large depending on <5. Thus, 

(3.10) v<l + 26 in B. 

On the other hand, v(Y k ) — 0,Y k G dB. Thus from the Holder continuity of v we 
find 

(3.11) V <i inB cW (Y fe ). 

If 5 is sufficiently small (|3.10(> - (|3. 11|> contradict that 



1 = v{X k ) = f v. 

J B 



□ 



Next we prove a density estimate for the zero phase of minimizers. 
Corollary 3.8. If u is a minimizer in B2 and € F(u) then 
(3.12) supu>/xr 1/2 , 

and 

l K"({u = Q}n^) > 

where fi depends on n and u(e n +i). 

Proof. By scaling it suffices to prove the corollary only for r — 1 . The first statement 
is contained in Lemma 13.71 in view of the optimal regularity and non-degeneracy 
of minimizers. This easily implies the left inequality in the density estimate. We 
now prove the other inequality. 

From (|3.12j) . for some Xq £ Bi/$, u(Xq) > ^. Then, from the proof of Lemma 
13.21 with u(Xq) replacing u(0) we see that if 

n n ({u = 0} n b 1/2 (x )) < n n ({u - 0} n 61) < s 

for 6 sufficiently small depending on /x, then by De Giorgi iteration argument (see 

(EU) 

B 1/4 (X ) C{u> 0}. 
This contradicts the fact that G F(u) n Bi/4,(X ). □ 
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From the density estimate we immediately obtain the following corollary. 
Corollary 3.9. Let u be a minimizer. Then H n (F(u)) = 0. 

Remark 3.10. We remark that if u G C x / 2 (Si) n ff^-Bi), u is harmonic in B^~(u) 
and 'H n (F{u)) — then u satisfies the following integration by parts identity, 



since u|Vu| < K (because u(X) < Kdist(X,{u = 0}) 1 / 2 ) , H n (F(u)) = and 



We now prove a compactness result for minimizers. 

Theorem 3.11. Assume u k are minimizers to E in VL and u k — > u uniformly 
locally. Then u is a minimizer to E and {u k — 0} — > {u = 0} locally in the 
Hausdorff distance. 

Proof. Assume for simplicity £1 = B^. Since the itfc(e n +i) are uniformly bounded, 
the Uk are uniformly non-degenerate and C 1 ^ 2 in Bi in view of Corollary 13.51 

First we show that {uk = 0} — > {u = 0} locally in the Hausdorff distance. 
If X G B\ and B e (X ) C {u > 0} then by the uniform convergence of the 
B e /2(X ) C {u k > 0} for all large k. 

If B £ (X ) C {u = 0} then B e/2 (X ) C {u k = 0}. Otherwise, by LemmaGLl 



hence the convergence above holds H n -&.e. 

Indeed, assume X £ F(u)nBi. Then we can find Yf. G F(uk) such that Yfe — > X . 
From Corollary 13.81 applied to the u k on balls centered at the Y k and the uniform 
convergence of the u k we obtain that the limit u satisfies the same estimates in the 
conclusion of Corollarv l3.8l 

We now prove that u is a minimizer for E. First we notice that 




To justify this equality we notice that since u is harmonic in B^ 




lim uUy{x, e) = 0, if x ^ F(u). 




u k — > u, in 
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Indeed, since Uk — > u uniformly, we have that Vut — Vm weakly in H 1 (Bi) and 
by Remark 13.101 and Lebesgue dominated convergence theorem, 



/ |Vu fc | 2 ^ f \Vu 



2 



Let v G H 1 (Bi) with v — u outside and let ip be a cut-off function with 

ip = 1 in Bis an d p — outside Bi_g/ 2 . Define, 

v k = cpv + (1 - tp)uk, 

then, by the minimality of the Uk 

E(v k ,B 1 )>E{u k ,B 1 ). 

We let k — > oo in this inequality and use that 

v k -t v in H 1 , X{v k >o} X{v>o} H n - a.e. 

to obtain the desired inequality 

E{v,B{) > E(u,B x ). 

□ 

Next, we want to prove that minimizers are viscosity solutions. For this purpose 
we need the following proposition, which we will also use later in our dimension 
reduction argument in Section 5. 

Proposition 3.12. Assume u is constant in the e\ direction i.e. 

u(xi,X2, ■ ■ -,X n+ i) = v(x 2 , ■ ■ -X n+ i). 

Then, u is a minimizer in R™ +1 if and only if v is a minimizer in K™. 

Proof. Assume u is a minimizer in ]R™ +1 and let w(x2, ■ • • , a^n+i) be a function 
which coincides with v outside Bk C K". Then define 

u := tp(xi)w(x 2 , . . . , x n+ i) + (1 - ip(x 1 ))v(x 2 ,- ■ ■ , x n+ i), 

with 

( , Jl if W\ <R-1, 
^ l) = \0 it\ Xl \>R. 

Then u coincides with u outside of 51 := [-R, R] x Bk ■ Hence, 

E(u,Q) < E(u,Q), 

that implies 

2RE(v, B K ) < 2(R - l)E(w, B K ) + M 

with M depending on w and v but not on R. We let R — ¥ oo and obtain 

E(v,B K ) < E{w,B K ). 

Viceversa, assume that v is a minimizer in R™. Then if w = u outside of VL with 
VI as above, 



E(w,n)> [ E(w{x 1 ,-),B K )dx 1 . 

J-R 
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Using that v is a minimizcr, 

E(w,Q)> / E(v(x 2 ,...,x n+1 ),B K )dxi=E(u,n). 

J-R 

□ 

Proposition 3.13. If u is a minimizer for E then u is a viscosity solution to 

Au = in {u > 0} 

9U T?( \ 

M = V* ° nF{u) - 

Proof. The fact that u is harmonic in the set where it is positive is already proved 
in Corollary 13.41 We need to verify the free boundary condition. Assume that we 
touch F{u) at with Bs(Se n ) from the positive side (or the zero side.) Then by 
Lemma 12.11 u has an expansion 

u(X) = aU {x n ,x n+1 ) + o{\X\ 1 ' 2 ), 

with a > in view of the non-degeneracy (|3.12l) . (see (|2.3I) for the definition of Uq). 
It suffices to prove that 



7T 

The rescaled solutions 

\- 1/2 u{\X) 

converge uniformly to alio thus by Theorem 13.111 and Proposition 13.121 alio is a 
minimizcr in R 2 . The following computations are two-dimensional. We perturb Uq 
as 

V{X)=U {X-e<p(X) ei ), <peCZ°(B 2 ), ?)=lin%. 

Then, 

W| 2 - f \VU \ 2 =[ |VC/ | 2 -/ \VU \ 2 

Bi J Bi JB 1 (-ee 1 ) J Bi 

= -ef ^U^ve^Oie 2 ) 

JdBx 

= 0(e 2 ) 

because \VUq\ is constant on dB\. Since V = Uq — ef(Uo)i + 0(e 2 ), where (Uo) T 
denotes the derivative of Uo in the r-direction, we have 

f |W| 2 -/ \VU \ 2 =[ 2VU -V(V -U ) + 2\V(V -U )\ 2 dX 

J B-2\Bi J B2\B\ J B2\B± 

= 2e [ (U )AUo)i + 0(e 2 ) 

JdB x 

= U (cosf) 2 + 0( e 2 ) = 4 + 0( e 2 ). 

^ JdBi 1 1 

In the equality above we used that (see formula (12.31) ) 



(U )i = (U ) v = Ir- 1 ' 2 cos-. 
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In conclusion, since 

H\{V > 0} n B 2 ) - H^iUo > 0} n B 2 ) = -e 

we obtain that 

E(aV, B 2 ) - E(aU , B 2 ) = e(a 2 | - 1) + 0(e 2 ) 
from which we conclude that 

,7T , [2 

a 1 = that is a = \ — , 

2 V 7T 

as desired. □ 

4. MONOTONICITY FORMULA 

In this section we prove a Weiss type monotonicity formula (see |W] ) for minimiz- 
ers of the energy functional E and also for viscosity solutions to the thin one-phase 
problem (|2.ip which have Lipschitz free boundaries. In the case of minimizers this 
result is also contained in I API. 



Theorem 4.1 (Monotonicity formula for minimizers). If u is a minimizer to E in 
Br, then 

$ u (r):=r- n E(u,B r )- V"~ x f u 2 , < r < R, 

1 JdB T 

is increasing in r. Moreover <& u is constant if and only if u is homogeneous of degree 
1/2. 

Before the proof, we remark that the rescaling 

u x {X) := X^^uiXX) 

satisfies 

(4-1) $ MA (r)-$ u ( A r). 
Proof. For a.e. r we have 

(4.2) ^-(j \Vu\ 2 dX^j=j \Vu\ 2 do-, 

(4.3) 4 (H n ({u > 0} n B r )) = H^du > 0} n dB r ), 
dr 

(4.4) — ( r~ n - x [ u 2 da) = r^ 2 [ (2mu v - u 2 )da, 

dr \ . J ./«R 



where in (14.4)) we used that u 2 is a Lipschitz function. This follows from the fact 
that u{X) < Cdist(X,{u = 0}) 1 / 2 (see Corollary EH) 

Assume that the equalities above are satisfied at r — 1. Define, 



Ve(X) 



'(I_ c) i/2 U (*_), if|X|<l-e, 
\X\^ 2 u(^), ifl-e<|X|<l. 
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We have, 

E(v e ,B x )= f (l-e)- 1 \Vu((l-e)- 1 X)\ 2 dX + {l-e) n (H n ({u>Q}nB 1 )) 

+ e J {^u 2 + u^j do + eH n - l ({u > 0} n dBi) + o(e), 

with the sum of the first two terms equaling (f — e) n E(u, Bi). In the equality above, 
u T denotes the tangential gradient of u on dB\. Also, 

E{u,B x )= [ \S7u\ 2 dX + H n {{u > 0}n£i_ £ ) 

+ e ^ |Vu| 2 da + H*- 1 ^ > 0} n dBi)J + o(e), 

with |Vu| 2 = u 2 + it 2 - The inequality 

E(u,B 1 )<E(v e ,B 1 ) 

then implies 

o{e) + ej^ (ul - ^u 2 ^j da + E(u,Bi- e ) < (1 - e) n £7(u,5i). 
Hence, dividing by (1 — e)™ and letting e — ► we obtain 

J:(r-"S(tt,B r ))lr=i> (u 2 .-^/)^. 

Using (14.41) . this shows that 

d f 1 

-r*«(r)|r=i > / (u* - xu) 2 d<r > 0. 
* Job, 2 

Thus, 

— $„(r) > 0, a.e. r 
ar 

and the conclusion follows since is absolutely continuous in r. 
From above we see that $„ constant if and only if 

1 

-u, a.e. 



2|X| 

which implies that u is homogeneous of degree 1/2. □ 

Remark 4.2. We used the minimality only up to first order e which suggests that 
the formula remains valid for critical points of E. Indeed, we only need to require 
that u is critical for E under domain variations (see |AP[ IWj ). 

Next we show that the Monotonicity formula is valid also for viscosity solutions 
with Lipschitz free boundary. The proof is technical since we need to justify certain 
integration by parts. 

Theorem 4.3 (Monotonicity formula for viscosity solutions). Let u be a viscosity 
solution to 



Au = in B+(u) 
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with F(u) a Lipschitz graph. Then 

$„(r) := r- n E(u, B r ) - ir^ 1 f u 2 , 0<r<R 

2 J dB r 

is increasing in r. Moreover is constant if and only if u is homogeneous of degree 
1/2. 

Proof. First we remark that since {u = 0} is a Caccioppoli set in R™, 

n dB r ) = for a.e. r. 

We assume that r = 1 is a regular for value for in the sense of (I4.2[l - (|4.4p and 
also that the equality above holds i.e. %™ _1 (.F(u) n dB\) = 0. We compute 

<(!)=/ \Vu\ 2 da + H n - x ({u>0}ndB 1 )-n [ |Vu| 2 
- nH n ({u > 0} n Ei) + / -uu v + \u 2 . 

JdB 1 2 

Next we want to prove that 

(4.5) (n-1) [ \\7u\ 2 dX=[ (|Vw| 2 - 2u 2 u )da 

JBi JdB 1 

- nn n ({u > o} n Bi) + n n - l {{u > o} n dB x ). 

Using this identity together with the identity (see Remark l3.10p 

(4.6) / \S7u\ 2 dX = [ uu u da, 

JBi JdB! 

in the formula above for $>' u (l), we obtain that 

<(1)=2/" (u v - l -u) 2 da>0. 

JOB! 1 

Analogously for a.e. r we get 

<(r) = 2 f (u v - \u) 2 da > 0, 
JdB r 1 

from which our conclusion follows. 

Let r :— F(u). To prove (|4.5j) . we need to show that 

(4.7) (n-1) [ \Vu\ 2 dX = [ (\\7u\ 2 -2ul)dcr+ [ y ■ v v dU n - x , 

J B t J dB x JVUBi 

with i/p the normal to T in R n pointing toward the positive phase. Then, by the 
divergence theorem, 

/ y ■ vvdU 11 - 1 = -nU n {{u > 0} n #i) + W n_1 ({« > 0} n dBx). 

This combined with (14. 7[) gives us (|4.5j) . 
To prove (|4.7[) , let us denote by 

T ( := {X G R" +1 |dist(X,r) < e}, Q e := B+(u)\T c . 

Notice that f2 e is a Caccioppoli set and u is a smooth function outside T e U {w = 0}. 
Thus we can use integration by parts. Precisely, 

(4.8) / Vu • V(Vu ■ X) dX = I u„Vu ■ X da, 
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where d*fl e denotes the reduced boundary of Sl e and v denotes the exterior normal 
to d* Q e . 

On the other hand, again using integration by parts we get 



(4.9) / n Vw • V(Vw ■ X) dX = f n (uiUijXj + uf) dX 

= In t (-^|V?i| 2 + |Vu| 2 ) dX + J d , ne ±\Vu\ 2 X • v do. 
From (|4H j) - pi?l) we find, 

(4.10) (n-1) / \Vu\ 2 dX=( [\\7u\ 2 X ■ v - 2u u \7u ■ X) da. 



We need to show that (|4. T|) follows from the equality above by letting e — > 0. We 
remark that since u[X) < C dist[X, F(u)) x / 2 (see Lemma 

|Vu| 2 < Ce- 1 on dT e 

and since T is Lipschitz 

U n {dT t n B r (Xo)) < Cr n '\, X a e T. 
Combining these two inequalities we obtain 



(4.11) 



(\Vu\ z X ■ v - 2u v Vu ■ X) da 

dT t nB r 



< Cr 



n-l 



Next we claim that if T is a C 2 ' a surface in a neighborhood of Xq £ T then for 
small (depending on the C 2,a norm) we have 



(4.12) lim / {\Vu\ 2 X ■v-2u v Vu-X)do = [ y ■ v v dU n ' 1 

e_>0 JdT c nB r (X ) JrnB r (X ) 



with v the interior normal direction to dT e and the normal to T in M™ pointing 
toward the positive phase. To obtain (|4.12l) we parametrize T c by the map: 

(y,6) X =y + e(v r cos6 + e n+1 sm0), (y,0) e T x [— k,-k]. 

Then, on <9T £ 

do = (l + 0(e)) e dy d9, 
X = y + 0(e), 

Vu(X) = J^{vv{Uq)x + e n+ i(U ) 2 ) + c^e" 1 / 2 ), 

where in the last equality (which follows from Remark 12. 9|) the derivatives of Uo 
are evaluated at ew with uj := (cos 9, sin 9). 

Using these identities, for a fixed y € T we compute, 
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/7T 
(\Vu\ 2 X-v-2u v Vu-X) dd 
-TV 

= e [ (\Vu\ 2 y ■ v - 2u v Vu ■ y) dd + 0(e) 

J —7C 



= e- f (\VUo\ 2 co S 0yvr + 2(Uo)UU Q )iyvr)d6 + O{e) 
k J-* 

= yv T + 0(e) 

where again the derivatives of Uq are evaluated at eu), and in the last equality we 
used that (see the proof of Proposition 13.131) 



In conclusion, 



(|V[/ o | 2 cos0 + 2(U ) u (Uo)i) d9 = er 1 -. 

r ^ 



: I (\Vu\ 2 X ■ v - 2u v Vu -X)d0 = yv r + 0(e) 



and integrating this identity over T we obtain (l4~T2|) . 

From our flatness Theorem l2.6l we know that T is C 2,a except on a closed set S 
of 'H n ~ 1 measure zero and also recall that "H n_1 (r n dB\) — 0. We use a standard 
covering argument for EU(rn dB\) with balls of small radius on which we apply 
the inequality (14. 1 1[) . On the remaining part of T we use (|4.12p and obtain the 
desired conclusion 

(n-1) f \Vu\ 2 dX = f (|Vu| 2 - 2u 2 v )da + / y v T d'H n - 1 , 

by passing to the limit as e — > in f|4. 10[) . □ 

Remark 4.4. If are minimizers which converges uniformly to u on compact sets, 
then it follows from the proof of the compactness Theorem 13.111 that 

* u »(r) -> $ u (r). 

The result is true also if the Uk are viscosity solutions with Lipschitz free boundaries 
with uniform Lipschitz bound. 



Remark 4.5. If u satisfies either the assumptions of Theorem 14.11 or Theorem 14.31 
then $„(r) is bounded below as r — > 0. Indeed, by scaling we only need to check 
that 3> u (l) is bounded which follows from the formula below (see Remark l3.10[) 

$ u (l)= f (uu v -\u 2 )d(j + U n ({u>0}C\Bi). 

JdB! 2 

This means that 

$„(0+) = lim ®Jr)= lim r~ n H n ({u > 0} n B r ) exists 

and any blow-up sequence u\ converges uniformly on compact sets (up to a subse- 
quence) to a homogeneous of degree 1/2 solution U (see (|4.ip ). 

Definition 4.6. A minimizer U of E which is homogeneous of degree 1/2 is called 
a minimal cone. Analogously a viscosity solution to (|2.1|) which is homogeneous of 
degree 1/2 and has Lipschitz free boundary is called a Lipschitz viscosity cone. 
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<C(l + U(e n+1 )\X -lf /2 ), X,YeB u 



Let U be a (minimal or viscosity) cone. We denote by §u its energy (which is a 
constant for all r) 

(4.13) $u =H n ({U >0}nB 1 ) G (0,w„), 

where w„ denotes the volume of the n-dimensional unit ball. 

We say that a cone U is trivial, if it coincides (up to a rotation) with the cone 
Uq(X) — Uo(x n , x n +i) (defined in (|2.3|l ). and therefore its free boundary is a hy- 
perplane. The energy of the trivial cone is Lo n /2. 

5. Minimal Cones 

This section is devoted to the study of minimal cones. First we prove an "energy 
gap" result in the spirit of the analogue for minimal surfaces. We then show that 
in dimension n = 2 the only minimal cone is the trivial cone Uq (see (|2.3jl ). Finally, 
by a standard dimension reduction argument we prove our main Theorcm ll.il 

Lemma 5.1. Minimal cones are uniformly C 1 / 2 . 

Proof. Let U be a minimal cone. From the proof of the C 1 / 2 bound (see Corollary 
I3.5[) we obtain 

\U(X)-U(Y)\ 

pr-y|va 

with C universal. Writing this estimate for the rescaling Ur 

U r (X) = R- 1/2 U{RX), X = RX, X G B 2 , 

we obtain 

Eg™ < C(1 + l^, +l) |x- y in 

Since U is homogeneous of degree 1/2, 

— U(Re n+ i) — > 0, as i? — > oo, 
R 

and we obtain the desired bound. □ 

Definition 5.2. Given a minimizer u for E in Q, c M n+1 , we say that a point 
X G F(u) is a regular point if there exists a blow-up sequence of u centered at 
X which converges to the trivial cone. The points of F(u) which are not regular 
points, will be called singular point and the set of all singular points of F[u) is 
denoted by £„. 

We notice that in view of our flatness Theorem 12.61 F(u) is a C 2 - a surface in a 
neighborhood of any regular point, and moreover T, u is a closed set in Q. 

Proposition 5.3 (Energy Gap). Let U be a non-trivial minimal cone. Then, there 
exists a S > universal such that 

Proof. First we show that 

Assume by contradiction that this does not hold and let Xq G F(U) be a point 
where we can touch Fill) with a ball completely contained in {U > 0}. Call 

9u(r t X ) = *o(r), U(X) = U(X - X ). 
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Then, by (|4.1|) and the fact that U is a cone we obtain that 

Mao) = «i7 r (i 1 -) = Mi l -)- 

r r 

Thus, 

lim $u{r,X ) = <p v <^-. 

r— too Z 

On the other hand, from the expansion of U near Xo (see Theorem l2.ll) the blow-up 
energy 

lim Mr, ^0) = ^. 
By the monotonicity of $u( r , Xq) we obtain that 

Mn-^o) = -y' 

and hence U is a cone with respect to Xq, thus U is the trivial cone, a contradiction. 

Now we prove the existence of 5 by compactness. If no such 6 exists then we 
can find a sequence of cones Uk with <&u h — > w n /2. By Lemma l5.ll we may assume 
that Uk — > U* uniformly on compact sets. Thus <5>u, — w„/2 and hence U* is 
the trivial cone in view of the preceding argument. By the flatness Theorem 12.61 
and the compactness Theorem 13.111 F(Uk) are smooth in B\ for all large fc, a 
contradiction. □ 

Lemma 5.4. Assume U is a minimal cone in M. n+1 and Xq = e± € F(U). Then, 
any blow-up sequence 

Vx(X) = \- 1 / 2 u(x + XX) 

has a subsequence V\ h , \k — ► which converges uniformly on compact sets to 
v(x2, ■ ■ ■ , Xn+i) with V a minimal cone in R(™ -1 ) +1 . Moreover if Xq is a singular 
point for F(U), then V is a non-trivial cone. 

Proof. In view of Remark 14.51 and Proposition 13.121 we only need to show that V 
is constant in the c\ direction. 

From the fact that U is homogeneous of degree 1/2 and from the formula for V\ 
we get that 

V X (X) = A- x / 2 (l + <A)- 1 / 2 C/((1 + t\)(X + XX)) 
= (1 + tx)-^ 2 v x (tx + (1 + tX)X). 

Letting A — Xk —> we obtain that 

V(X) = V(tX + X), for all t. 

Thus, V is constant in the Xq = ei direction. 

The final statement follows from the flatness Theorem 12.61 □ 



Assume that U is a non-trivial minimal cone in M n+1 for some dimension n. 
Then by Lemma EH we obtain that if F(U) has a singular point different than the 
origin, then there exists a non-trivial minimal cone in R'™ _1 ) +1 . By repeating this 
dimension reduction argument, we can assume that there is a dimension k < n and 
a non-trivial cone in R fc+1 which is regular at all points except at 0. 

Clearly, all minimal cones in dimension n = 1 are trivial. In the next theorem 
we show that there are no non-trivial minimal cones in M 2+1 . 



Theorem 5.5. If n = 2, all minimal cones are trivial. 
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Proof. We follow the strategy in |SVj . where the authors proved that non- 
minimal cones (defined in |CRSaj ) are trivial in R 2 . 

Let U be a minimal cone. By the discussion above Yiu = 0. Define, 



1 < t < R, 



log* 
logR 



R < t < R 2 , 



t > R 2 



The function ip R is a Lipschitz continuos function with compact support in 
Notice that 



'0 t E (0,i?)U( J R 2 ,oo), 



-1 



t e (i?,i? 2 ). 



tlogR 

We define a bi-Lipschitz change of coordinates 



and let 



Y := X + ^ R {\X\) ei 



U+{Y) = U(X). 



Next we estimate E{U R ,B R ^) in terms of E(U, B R i). We have, 



D X Y = I + A 



with 



A(X)=tP> r (\X\) 



I \x\ \x\ 




and 

Notice that 

We have, 
thus 



V o o • 

imi < w R {x)\ « i 

D Y X = (I + A)- 1 = I 



/ 



1 



1 + trA 



-A. 



V Y Ut = V X U D Y X, dY = (l + trA)dX, 



VU+\ z dY = VU I{1 + trA) — (A + A 



1 



1 + trA 



AA (VU) 1 dX, 



and 



n n ({U+ > 0}nB R 2) = [ (l + trA)dx. 

J{u>o}nB R 2 
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Writing the same equalities for U R which is defined as U R but changing tpa into 
—ipR thus A into —A we obtain, 

E(U+,B R z) + E(Ux,B R2 ) <2E(U,B R *) +C f |VC/| 2 || AfdX 

JB„o 



with 



f \VU\ 2 \\A\\ 2 dX = [ R ( [ \VU\ 2 \\A\\ 2 da] dr 

JB„2 JR \JdB r J 



I Cr 2 r- l (^- ) 2 dr < ► 0, as R -> oo. 

' AogR' ~ \ogR 



R 

The inequality above is the crucial step where we used that n — 2. In conclusion, 

R ■ 



since E(U^,B R 2) > E(U,B R 2) we get 



E(U+,B R2 )<E(U,B R2 )+5(R) 

with S(R) — >• as i? — > oo. Now the proof continues as in [SVj . We sketch it for 
completeness. Since 

E(w, B R2 ) + E(w, B R2 ) = E(U, B R2 ) + E(U+,B R2 ), 

with 

w := min{C7, U R }, w — max{U, U R }, 
the inequality above shows that 

(5.1) E(w,B R 2)<E(U,B R 2)+S(R). 

We remark that {U = 0} consists of a finite number of closed sectors, since 

Now, assume by contradiction that U is non-trivial. Then we can find a direction 
(say ei) and either a point P € {U — 0}° such that P ± ei e {{/ > 0} or a point 
P € {[/ > 0} such that P±eie{[7 = 0}°. Assume for simplicity that we are in 
the first case. This implies that 

w = U< U R in neighborhood of P, 

w = U R < U in neighborhood of P — e\. 

In conclusion, w is not harmonic in P^>| +2 and therefore we can modify w inside 
this ball without changing its values on {x n +i = 0} so that the resulting function 
v satisfies 

E(v, B\ P \ +2 ) < E(w, B\ P \ +2 ) - f] 

with rj small independent of R. 

In conclusion, using (15 . 1 1) we obtain 

E(v,B R 2)<E(U,B R 2) + 5(R)-r,, 

and we contradict the minimality of U for R large enough. □ 

By our flatness Theorem 12.61 Remark 14.51 and the compactness Theorem 13.111 
we immediately obtain the following Corollary. 

Corollary 5.6. Minimizers to E in R 2+1 have C 2,a free boundaries. 



THE THIN ONE-PHASE PROBLEM 



25 



In the next two lemmas, we follow the dimension reduction argument due to 
Federer for minimal surfaces (see also [CRSaj ). and prove the first claim in Theorem 

rrn that is 

H s (Z u ) = 0, s>n-3 
for all minimizers u of E in Q C R" +1 . 

Lemma 5.7. Assume that for some s > 0, H s (Eu) — for all minimal cones U 
in W n+1 . Then H S (Y< V ) = for all minimizers u of E defined on Q, C R n+1 . 

Proof. First we show the following property (P): for every Y € £„ there exists 
dy > such that for any 8 < dy, any subset D of n Bs(Y) can be covered by a 
finite number of balls B ri (Yi), Yi € D such that 

Yr°< 5 -. 

i 

Property (P) follows by compactness. Indeed, given r"eS„, assume that the 
conclusion does not hold for a sequence of 8k — > 0. By possibly passing to a sub- 
sequence, we may assume that the sequence ug k converges uniformly to a minimal 
cone U where 

u\(X) = \- 1/2 u(Y + XX). 

By our hypothesis, we can cover Y<u dBi by a finite number of balls B ri u{Xi) with 
radius so that 

On the other hand, by the flatness Theorem 12 .61 

£ 1iifc nBic|JiB Pt/2 (X i ) 

i 

for all large fc. Thus, after scaling, u satisfies the conclusion in Bs k for all large k 
and we reach a contradiction. 

Next, denote by D/. the set of Y 6 £„ with dy > 1/fc. Fix Yq E Dk- By property 
(P), we can cover P,t n B ro (Yq), ro = l/k with a finite number of balls B Ti (Yi) with 

€ Dk and 

Now, we repeat the same argument for each ball B n (Yi) and cover it with balls 
B rij (Yij) with Yij € Pfe and 

Vr s - < ir s 
^ ' 13 — 2 1 

i 

By repeating this argument m times we obtain that 

H s (D k r\B ro (Y )) =0, 
hence H s (Dk) — and the conclusion follows by letting k — > 00. □ 

Lemma 5.8. Assume that for some s > 0, H s (Y,u) = for all minimal cones U 
in « n+1 . Then H s+1 (£ v ) = for all minimal cones V defined in R™+ 2 . 
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Proof. It suffices to show that ^ s (Sy n dB\) = 0. Using our assumption we can 
deduce by the same compactness argument in the previous lemma, that when re- 
stricted to dBi, £y nc>i3i satisfies the same property (P) as above. The conclusion 
now follows again with the same argument as in Lemma 15.71 □ 



In dimension n = 3, in view of Theorem 15.51 TL S (£[/) = for all s > 0, for 
all minimal cones U. This fact, combined with the previous two lemmas gives the 
desired claim that 

•H s (S M ) = 0, s>n-3 

for all minimizers u in W n+ . 

Next we show the second claim in Theorem that is F(u) has locally finite 
y-fn— l measure f or a j minimizers u in R n+1 . 

Lemma 5.9. Assume u is a minimizer in B 2 , with \\u\\(yi/2 < M. Then, there 
exists C(M) large depending on M such that 

n n -\{F{u) n Bi) \ UZiB Si (Xi)) < C{M), 
for some finite collection of balls B^iXi) with 

m 

Proof. Assume by contradiction that we can find Uk such that 1 1 "Ufc 1 1 c 1 / 2 — M and 

(5.2) n n -\(F(u k ) n Bt) \ uZMx,)) > k, 

for any collection of balls with 

m 

jrs?- 1 ^ i/2. 

We may assume that converges uniformly on compact subsets of B 2 to a mini- 
mizer u. Since ^™ _1 (E U ) = and £„ is closed, 

m 

£ u n B x C UVlxB^Xi), £ Sr 1 < 1/2, 

i=l 

for some collection of balls. 

Since F(u) \ E„ is locally a C 2,a surface, we conclude from the flatness Theorem 
that (F(uk) fl B\) \ U^l 1 Bs i (X i ) is a C 2 ' a surface which converges in the C 2 norm 
to (F(u) n Bi) \ U™ l B St (Xi) and we contradict flU}. □ 

Lemma 5.10. Assume u is a minimizer in B 2 , with \\u\\ c i/2 < M. Then 

H n - l {F{u)nB x ) < 2C(M). 

Proof. By Lemma [531 

m 

F(u) n Bi CTU \jB Si (Xi) 
with "H™ _1 (r) < C(M), and 

m 

i=i 
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For each ball Bs t (Xi) we apply again Lemma \5 . 91 rescaled and obtain that 

mi 

F^nBs^X^cTiUljBs^Xij) 

3 = 1 

with H n_1 (r,) < C(M)8™~ 1 , and 



mi ^ 



l 

2 J 



Now for each ball Bg i} (Xij) we apply the same argument and after I such steps we 
find that 



with 



F(u)nBicfu \jB h {X q ) 

-3=1 



H"- 1 (f)<C(M)(l + i + ... + -- T ) 



and 



2 2'- 

8 

which implies the conclusion. □ 

Remark 5.11. The same argument as above can be used to show that the non-local 
minimal surfaces defined in CRSaj have locally finite 'H n ~ 1 measure. 



Proof of Theorem The proof follows from Theorem 15.51 and Lemmas 15.71 
I5T01 □ 

6. Viscosity Solutions with Lipschitz Free Boundaries 



In this Section we prove our main Theorem II. 2 \ that is Lipschitz thin free bound- 
aries are C 2,a . First we prove non-degeneracy of viscosity solutions with Lipschitz 
free boundaries. 

Lemma 6.1. Assume u is a viscosity solution in P>2 with F(u) a Lipschitz graph 
in the e n direction with Lipschitz constant L, £ F(u). Then, 

\\u\\^ (Bl) <C{L) 

and 



max it > c(L)r 1 ' 2 , for all r < 1. 



.., ..,.-'/ 2 

Proof. Since 



u{e n ) < Cdist(e n ,F(u)) 1/2 < C 

we can apply Harnack inequality and obtain 

u(e n+1 ) < C(L) 

which gives the first claim (in view of Lemma [23]). 

By scaling, it suffices to prove the second statement for r = 1. 

Let fi be small depending on L and X n e {u = 0} n P>i/ 2 be such that 

B M (*o) c {u = 0} 
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and it is tangent to F(u) at Yq. Let w be the harmonic function in B2 IL {Xq)\B ^{Xq) 
which is zero on B^(Xo) and equals 1 on <9i?2/j(Ao). Then, by the maximum 
principle 

!omaxu>ii on B^fiiXo). 

Bi 

Hence, since Yq is a regular point for F(u) we obtain from the free boundary 
condition at Y 

dw 

max it ^rrr(Yo) > 1 => rnaxu > c(u). 

□ 

In view of Proposition 12.101 and the previous lemma we obtain the following 
compactness result for viscosity solutions with Lipschitz free boundaries. 

Corollary 6.2. Let Uk be a sequence of viscosity solutions in B2 with F(uk) uni- 
formly Lipschitz, € F(iik). Then there exists a subsequence Uk t such that 

Uk t — > «*, F(v,ki) ~ * F{ u *) uniformly in B\ 
with a viscosity solution in B\ . 

Next we show that positive harmonic functions v (not necessarily viscosity so- 
lutions) are monotone in the e n direction in a neighborhood of F(v), if F(v) is a 
Lipschitz graph. 

Proposition 6.3 (Monotonicity around F(v)). Assume that v > solves Av = 
in B^(v), and that F(v) is a Lipschitz graph in the e n direction in B\ with Lipschitz 
constant L, and € F(v). Then v is monotone in the e„ direction in Bg, with 5 
depending on L and n. 

Proof. Assume by scaling that v is defined in B$l ■ Let w be the harmonic function 
in 

n := {\(x',0,x n+1 )\ < 1, \x n \ < 2L} \ {v - 0}, 

such that 

w = on dfl \ {x n = 2L}, w = 1 on {x n = 2L} n dfl . 

Then w is strictly increasing in the e„ direction in (by the maximum principle 
w(X) < w(X + ee n )). By boundary Harnack inequality ( CFMSJ) 



G C a (B 1/2 ). 



w 

V 

After multiplying v by an appropriate constant we may assume that — (0) = 1, and 

w 

obtain 

|--l|<e mB 2S , 
w 

for some e small to be made precise later and 5 depending on e, L and n. For each 
r < S, let 

v{X) = — -, w{X) = — -. 

w(re n ) w(re n ) 

Hence 

v 

— -1 <e in B 2 , w(e n ) = l. 
w 
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In the region 

C no : = {\ x '\ < Mo, 1 - Mo < \{x n ,x n+1 )\ < 1 + ^0} \ {(x, 0) I x n < 0} 
with /io small depending on L, we have (by Harnack inequality for w) 

\v - w\ < ew < C(L)e. 
Since v — w is harmonic we obtain 

\v n -w n \<C(L)e inC| M0 . 
Using that v n — w n and w n are harmonic functions which vanish on 

dC ao n {x n < 0,x n+ i = 0} 
and w n > and w n (e n ) > c(L) > we obtain that 
(6.1) \v„ — w n \ < C(L)ew n in Cm- 

The bound w n (e n ) > c(L) > follows from Harnack inequality for u>„. Indeed, 
w(e n ) = 1 and w(— e„) = thus we can find a point X on the line segment 

[-e„ + r]e n+ll e„ + ??e n+ i], 77 small 

where w) n (^0 > c > for some c, 7/ depending on L. 
From (|6.1j) we get 

Vn > w„(l — C(L)e) > in Ca, 

provided that e is chosen small depending on L. This inequality applied for all 
r < S easily implies the conclusion. □ 

The key step in the proof of Theorem 1 1.2 1 is to show that there are no non-trivial 
Lipschitz viscosity cones. By the dimension reduction argument in the previous sec- 
tion, it suffices to prove that there are no non-trivial cones with C 2,a free boundary 
outside of the origin. Indeed we remark that Proposition 13.121 also holds for viscos- 
ity solutions, which can be easily checked directly from Definition 12.41 Therefore, 
Lemma [5T4l holds also for Lipschitz viscosity cones (see Remark 14.51) . 

Proposition 6.4. All Lipschitz viscosity cones are trivial. 

Proof. Let U be a viscosity cone with Lipschitz free boundary and denote by L the 
Lipschitz norm of F(U), as a graph in the e n direction. We want to show that U 
is trivial. By the discussion above we can assume that F(U) is C 2 ' a outside of the 
origin. 

Now we prove the proposition by induction on n. The case n = 1 is obvious. 
Assume the statement holds for n — 1. 

By Proposition ^. 31 U is monotone in the cone of directions (£, 0) £ C x {0} with 

C:=U = (£',e»)eR" I e«>£|£U 

since F(U) is a Lipschitz graph with respect to any direction £ G C°. Moreover 
there is a direction r e dC, |r| = 1 such that r is tangent to F(U) at some point 
X e F(U) \ {0}. Then, 

U T > in {U > 0}. 

If U T — at some point in {U > 0} then U T = 0, thus U is constant in the r 
direction, and by dimension reduction we can reduce the problem to n— 1 dimensions 
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thus by the induction assumption U is trivial. Otherwise U T > in {U > 0} and 
by boundary Harnack inequality 

U T > 8U in a neighborhood of Xq, for some S > 0. 

This contradicts Lemma 12.81 since for all r small 

-r 1/2 < 5U(X Q + vr) < U T (X + vr) < Kr 1/2+a - 

□ 

Remark 6.5. As mentioned in the introduction, the argument above works also for 
the classical one-phase problem and the minimal surface equation. In the classical 
one-phase problem we need to use Hopf lemma and in the minimal surface equation 
we use the strong maximum principle. 

We are now finally ready to exhibit the proof of our main Theorem 11.21 

Proof of Theorem 11.21 First, we show that given a viscosity solution u with 
Lipschitz free boundary in Si, £ F(u), we can find a > small depending on u 
such that F(u) is a C 2 ' a graph in B a . Indeed, there exists a blow-up sequence u\ k 
which converges to a Lipschitz viscosity cone (see Remark |4.5[) . that in view of the 
previous lemma is trivial. The conclusion now follows from our flatness Theorem 
HUand Corollary O 

Next we use compactness to show that a depends only on the Lipschitz constant 
L of F(u). For this we need to show that F(u) is e-flat in B r for some r > a 
depending on L. If by contradiction no such a exists then we can find a sequence of 
solutions Uk and of er^ — » such that is not e-flat in any B r with r > a^. Then 
the Uk converge uniformly (up to a subsequence) to a solution u* and we reach a 
contradiction since F(u*) is C 2,a in a neighborhood of by the first part of the 
proof. □ 
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